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Abstract 

We consider SO {4) x SO {6) invariant type IIB string solution describing D3-branes su- 
perposed with D-instantons homogeneously distributed over D3-brane world-volume. In 
the near D3-brane horizon limit this background interpolates between AdS^ x S^ space 
in UV and flat space (with non-constant dilaton and RR scalar) in IR. Generalizing the 
AdS/CFT conjecture we suggest that type IIB string in this geometry is dual to A/" = 4 
SYM theory in a state with a constant self-dual gauge fleld background. The semiclassical 
string representation for the Wilson factor implies conflnement with effective string tension 
depending on constant D-instanton density parameter. This provides a simple example of 
type IIB string - gauge theory duality with clear D-brane and gauge theory interpretation. 
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1. Introduction 



Recent discovery of a remarlcable connection between gravity and gauge theory de- 
scriptions of D-branes gives a hope of eventual string-theoretic description of properties 
of strongly coupled gauge theories such as confinement (see [|2| for reviews). The best 
understood example of this duality 0,^,0 based on D3-branes relates Af = A super YM 
theory and type IIB string in AdS^ x space. To clarify the meaning of the duality in 
the context of type IIB string theory and to extend it to non-conformal (and less super- 
symmetric) cases one may study various modifications of the pure D3-brane background, 
in particular: 

(i) add extra energy to the branes, i.e. consider near-extremal D3-branes; the correspond- 
ing gauge theory is then in a thermal state (see, e.g., |P,0); (ii) add D7-branes breaking 
supersymmetry on the gauge theory side to M = 2 (iii) break supersymmetry com- 

pletely by adding dilaton charge as in the solution of [0|n| (which is a special case of the 
solutions in |jT^ with tachyon field turned off),0 or, more generally, exciting other scalar 



fields in -compactified 5d theory, see WM and references there. 



Here we propose another example which is similar to the one in [|10| , pT[] and |T^] in that 
the background preserves 5*0(4) x SO{Q) symmetry but is simpler having a clear interpreta- 
tion on both supergravity and gauge theory sides. We consider a homogeneous distribution 
of D-instantons on a large number of coincident D3-branes. This corresponds to modify- 
ing the D3-brane background by adding a RR scalar charge together with (equal) dilaton 
charge in a way that preserves 1 /2 of supersymmetry. The resulting supergravity solution 



is a limit of superposition of D3-brane [T^] and D(-l)-brane fl^jlTSl backgrounds. The 



D3-|-D(-l) configuration is T-dual to D4-I-D0 or D5-I-D1 marginal bound state backgrounds 
and preserves 1/4 (1/2 near the horizon of D3-brane) of supersymmetry. 

In the present case the D-instanton charge is homogeneously smeared over the D3- 
brane world- volume instead of being localized as in |[1^] .11 The corresponding gauge theory 



is not simply the vacuum A/" = 4 SYM theory 'perturbed' by a single instanton (with 
perturbations of the supergravity D3-brane and gauge field backgrounds related as in 
|l^,^) but rather is a different Af = 2 supersymmetric state described by a homogeneous 
self-dual gauge field background. The latter is assumed to be averaged in some way to 
preserve the Euclidean SO [4) and translational invariance. Its order parameter (instanton 
density) is kept fixed in the large N limit. 

Following we conjecture that the type IIB string theory in near-horizon D3-|-D(-l) 
geometry is dual to A/" = 4 SYM theory in such constant self-dual gauge field background. 



^ Similar dilatonic solutions were discussed also in [13|. 

^ A limiting case when D-instanton is put at the center of the Euclidean AdS^ space but is still 
localized in the boundary coordinates and thus corresponds to a very large (i.e., approximately 



homogeneous) instanton gauge field in the boundary SYM theory was recently discussed in |2C]. 
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This conjecture is consistent with analogous correspondence between the supergravity and 
gauge theory descriptions of D3-branes in flat space with additional gauge field distribu- 
tions on them. Adding a self-dual gauge field on a D3-brane in flat space is equivalent to 



adding D-instanton charge [p2| , p3| . The remaining supersymmetry ensures that the leading 
-^F'^ long- and short- distance interaction potentials between branes (computed in classi- 
cal supergravity and in one-loop SYM theory) agree like they do in the DO-brane case 
||25|| . This implies that the (smeared) D3-|-D(-l) supergravity configuration corresponds to 
a D3-brane with a (homogeneous) self-dual background gauge field. 

Though this example is somewhat unphysical (being based on a Euclidean background 
which usually has a well-defined meaning only as a virtual configuration in the path in- 
tegral) our main motivation is that it provides a clear setting for testing certain aspects 
of string theory - gauge theory duality. As in other similar cases [p!2| , [T0| , [TT| , |T4| here the 
background interpolates between a regular UV AdS^ x space (conformal gauge theory) 
and a singular IR background. A remarkable simplification which happens in D3-|-D(-l) 
case (in addition to a transparent analytic form of the supergravity solution) is that the 
IR limit of the string- frame metric is actually fiatjl with the singularity of the background 
residing only in the dilaton field. Assuming the string-theory representation for the Wil- 
son factor that immediately leads (in the semiclassical approximation) to the area law 
behaviour. 

This prediction of the 'string in curved space - gauge theory' duality is consistent with 
expectations that gauge theory in a constant self-dual background [p7| , [28| , p9| , |30| should be 



(partially) confining. The confinement should be simply a consequence of the presence of 
a non-trivial background field (implying, e.g., that propagators do not have poles in the 
complex energy plane [0). We find that the effective string tension following from the 
curved space picture depends indeed only on the background gauge field order parameter 
and not on the gauge coupling. 

We shall start in section 2 by presenting the D3-|-D(-l) supergravity background. The 
corresponding gauge theory state described by a self-dual background will be considered 
in section 3. The relation between with the supergravity solution and gauge theory state 
will be illustrated in section 4 by SYM effective action interpretation of the D3-brane 
probe action in the D3-t-D(-l) background. In section 5 we shall use the dual string theory 
description to compute the Wilson loop factor using the semiclassical fundamental string 
action and demonstrate that it exhibits area law behaviour. In section 6 we shall present 
analogous discussion of the 't Hooft loop factor based on the D-string action and show 
that magnetic monopoles are screened at large separations. Section 7 will contain some 
concluding remarks. In Appendix we shall consider perturbations of the background fields 
near the D3-brane + D-instanton supergravity background and demonstrate that scalar 
field perturbations do not, in general, decouple from the metric one. While one linear 
combination of the dilaton and RR scalar perturbations still satisfies the massless scalar 
equation in AdS^ x (so there are still gapless excitations in this background), the 
second combination mixes with graviton and should have complicated dynamics, reflecting 
the presence of the self-dual gauge field background on the gauge theory side. 



The IR limit of the Einstein-frame metric is again AdS^ x 



2 



2. Supergravity picture: D3+D(-l) background 

A simple example of a 'deformation' of the D3-brane solution of type IIB supergravity 
by non-trivial scalar field backgrounds is obtained by switching on a RR scalar charge and 
balancing it by a dilaton charge to preserve 1/2 of supersymmetry. The resulting exact 
solution representing a marginal 'bound state' of D3-brane and a (smeared) D-instanton is 
a non-trivial example of a type IIB brane intersection configuration parametrised by two 



harmonic functions. It has the following string-frame metric [15 



dslo = (i?-i)'/^(i?3 ^^^dxmdx^ + Hl^^dxsdxs) , (2.1) 

where m = 1,...,4, s = 5, ...,10, and H-i and are the harmonic functions depending 
only on Xg- In addition to the self-dual 5-form background (C1234 = -^3^^) representing the 
D3-brane charge we have the non-trivial dilaton $ = ^0 + ^ Siud RR scalar backgrounds^ 

e-^^if.i, C = (if_i)-i-l . (2.2) 

This solution is T-dual to D4 + DO or D5 + Dl configurations. The total stress tensor of 
the two scalar fields is zero so that the Einstein frame metric remains the same as in the 
D3-brane case. 

Since the D-instanton is smeared over the 3-brane world-volume the two harmonic 
functions have the same structure (r^ = XgXg) 

= l + Jf_, = l + 5|. (2.3) 

where the coefficients are normalized as follows (see, e.g., [31,24|)i 

iV V4 

_ K (27r)4 



Va 



A = A-KNg, , e^^ = . (2.5) 



We absorb the asymptotic value of the dilaton (6*^° = 9s) into the overall coefficient = 
, .7"^ i ,4 of the action (rescaling also the RR fields by ^s-factor). Here C = iC, where C is the 

K'^'^J 9s^ 

original RR scalar. In the type IIB theory with the Euclidean time X4 = it the self-dual RR 
5-form is imaginary, so this solution is complex in both Euclidean and Minkowski versions. We 
shall view D-instanton or D3-|-D(-l) backgrounds as formal complex solutions of type IIB theory. 
In general, T-duality implies that for a Dp-brane background which is smeared in n transverse 
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toroidal directions Hp = 1 + where Qp = Npgs{2'K)^'^-P^'^T^P-^^'^{ujQ-p)-^ , ujk-i 



{") 



27rt/r(|), qIT^ = iVpTV ,^^Qp+„(27r)tr"tv;r^ Here K is the volume of the flat internal torus 



,2/' ^'P^'p 

and T -- 
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The integers and K are the D3-brane and D-instanton numbers. 

The supergravity approximation apphes when derivatives of the fields remain smaU in 
units of ct', i.e. 

A > 1 , r > {qXf'^a"'/^'^ , (2.6) 

and when the effective string coupling is small, i.e. r ^ {qXY^'^a' . 

Let us now consider the following generalization of the decoupling limits of [32,3|,p3| 



T 

a' ^ , {u = — , A, q] = fixed . (2-7) 
a' 



This limit is equivalent to taking a special solution without 1 in the 3-brane harmonic func- 
tion (and making a coordinate redefinition). The dilaton and RR scalar are expressed 
( p.2|) in terms of the function which remains finite in this limiti 



= 1 + ^ , 2.^ 



qX 

while the string-frame metric takes the following form 

dslo = c^'X'^\l + ^y/'(x-'u'dx^dx^ + ^ + dnl] . (2.9) 

\ J 

The corresponding Einstein-frame metric ds\ = e~'^/'^ds\Q is still AdS^ x 5"^ as in the 
D3-brane case. As in the pure D3-brane case 0, the factor a' cancels out in the classical 
string action which thus remains finite in the limit (|2.7D. 



Like the AdS^ x 5"^ Einstein frame metric, the string frame metric ( p.9|) is completely 
regular: near the core r ^ (i.e. in the IR region u ^ 0) it becomes flat 

/ A A^/^ 
ds\Q = a' q^^"^ [dxrndxrn + dz^ + z^dVt\ \ , z = . (2-10) 

Note that the overall coefficient (effective string tension) is just Q^/^, i.e. does not depend 
on A. The full D3-|-D(-l) background is, however, singular because of the blow-up of the 
dilaton at m = 0. This is the same behaviour as in the case of the pure D-instanton 



background [117 



The background ( |0| ) thus interpolates between AdS^ x aX u = oo (UV) and fiat 
space with singular dilaton near m = (IR), while in the absence of D-instantons [q = 0) 
the AdS^ X space describes both regions. The constant instanton density parameter 
q breaks conformal invariance in the IR region. Similar interpolating backgrounds (with 
singular metrics in the IR) were found in []T^JT^,|TT],|I^ . An attractive feature of the present 
case is its simplicity (not unrelated to remaining supersymmetry) and clear identification 



This limit was considered also by N. Itzhaki. 
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of the corresponding dual gauge theory - M = A SYM with a constant self-dual background 
(section 3). This interpretation is supported by the relation between the classical action 
of a D3-brane probe moving in this geometry and the SYM one-loop effective action in the 
corresponding gauge field background (see section 4). 

The type IIB string theory in the background (|2.9| ),( [2T2D is thus conjectured to be dual 
to a certain Af = 2 supersymmetric, and S'0(4) x SO{6) and translationally invariant state 
of U{N) JV = 4 SYM theory (which may be equivalent to some Af = 2 supersymmetric 
YM theory with matter which is conformal in the UV). Symmetries of the string theory 
should therefore imply certain symmetries on the gauge theory side. The string theory 
and gauge theory are parametrised by A, A^, q, V4 (or Qs, N, K, V4). 

One obvious string symmetry is T-duality. The original D3-|-D(-l) background 
(^T| ) , ( P^) with standard (r 00) asymptotically flat region is covariant under T- 
duality along all four 3-brane world-volume directions: T-duality interchanges H^, with 
i.e. Q3 with qL1.0 The limiting background (|3) , (^3) , (i]l) (and C1234 = H'^) 
is parametrised by 'asymmetric' combination of harmonic functions (-^3 = — 1 = 
^,^^4 , H-i = 1 -\- ^) and thus changes its form under the T-duality. Assuming that all 
four directions are compact with equal radii a, Xm = ciOrm dm = Om + 2'K (i.e. V4 = (27ra)'^) 
and that the dual angular coordinate is 6m = 0m + 2%, the string metric T-dual to ( |2.9D is 
found to be (in terms of the string Lagrangian j^Gio{dx)'^ + ... 



i^Gio(ax)2 + 



ds 



10 = a A / (1 + Tt) 



r. 



7a , 



+ 



du^ 



+ dni 



:2.ii) 



The effective string coupling dual to = QsH-i = gs{l + ^) is 



A 



9. 



(2.12) 



The large u limit of the dual metric (|2.11|) still has the same AdS^ x form (with Xr 



u 



1 



aOm) when written in terms of the 'dual coordinate' (or 'dual energy scale' 

The small u limit of ( |2.11| ) is again a fiat space region (cf.( |2.1Cl| )). Using the expression 
for q (^]^) the fundamental string Lagrangian in the near u = region (|2.9|) can be put 



More precisely, here under T-duality V4 



(0) 



;;(0) 



N 



K, where VaV^^ 



V4 



Qs is the dual coupling in the standard asymp- 
totically flat region. As a result (see (|2.4D ) Q3 = Q^], Q^f{ = Qs- 

^ This is the same conclusion as in the near-horizon D3-brane case which is mapped by T- 
duality into the near-horizon limit of smeared D-instanton |34]. Though the AdSs metric with 
compact Xm is singular at u = 0, string theory is supposed to resolve this singularity and should 
be dual to SYM theory on a 4-torus. 
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into the form L = ^ dbOmd^Om + ■■■ (the radius a cancels out). The T-dual string 
Lagrangian is then 

1 /iV 



. V dbe^d'e^ + ... , (2.13) 

i.e. the duahty corresponds to interchanging K ^ N . Measured in terms of the string 
metric the dual radius is as = (near u = Q the effective string tension is see (|2.10P ). 
The gauge theory volume is defined, however, as the volume of the boundary theory in 
the u oo AdSs x 5"^ space limit and remains unchanged, V4 = (27ra)^ (we consider the 
simplest rectangular 4-torus). Note that near u = and u = 00 the ratio of the effective 
string couphngs ^ = ^^44 becomes = ££l2£) = ^!_| ^ q. 



We are thus led to the conclusion that string T-duality implies an equivalence relation 
between U{N) gauge theory state parametrized by K (and gs{u)) and U{K) gauge theory 
state parametrized by (and gs{u)). Given that K may be interpreted (section 3) as 
an instanton number in U{N) gauge theory, this suggests a relation to the Nahm duality 
which maps a charge K, U{N) self-dual solution on a 4-torus to a charge A^, U{K) self-dual 
solution on a dual 4-torus . Nahm duality was previously discussed in connection with 
T-duality in string theory in flat background in, e.g., [^,37,38]. In the present context 



of the "curved space string theory - gauge theory" duality conjecture one indeed seems 
to see why "YM theory (via the Nahm transformation) still knows about T-duality", 
cf. ||3^. Here we are getting not just a relation between two classical self-dual Yang- 
Mills backgrounds, but an equivalence between two quantum gauge theories (which is 
reminiscent of some known dualities between supersymmetric gauge theories ||39|| ). 

The forms of the dilaton and RR scalar (|2.2| ), (|2.8|) suggest the following expressions 
for the IR flow of the SYM couplings 

X{u) = A(l + ^) , e{u) = {1 + ^)-i - 1 . (2.14) 



Similar power-like running of the dilaton was found also in [ffO|,|TT|. In the M = 2 gauge 



theory related to D7 + T>3 brane configuration ||^ analogous IR running of dilaton may be 
explained by instanton corrections (see ||] and refs. there). Here it should be induced by 
the presence of a constant self-dual field condensate.! 

The flatness of the m — > limit of the metric suggests that the IR limit of gauge 
theory should be described by type IIB string theory in flat space (with additional dilaton 
and RR scalar and 4-tensor backgrounds being invisible in a semiclassical approximation) . 
That obviously leads to the area law behaviour of the Wilson factor (see section 5). 



^ Instanton contributions do not produce IR RG flow in the A/" = 4 SYM theory in the vacuum 
state @. 
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The major question, however, is whether the background (pT9| ) ,(p72| ) ,(|2.8| ) may be 
extrapolated all the way into the IR region u ^ 0. We expect that due to its remaining 
supersymmetry this background, like AdS^ x S^, is actually an exact (all order in a') 
solution of the classical type IIB string theory. Then one may relax the conditions ( |2.6| ) 
but there is still the condition that the effective string coupling should remain small, 

u>u,, »(QA)i/" = 27r(-— (2.15) 

iV 1/4 

If qX is not constrained, we may allow to be sufficiently small to probe the IR limit 
and still have weak string coupling to ignore string loop corrections. This will be our 
assumption below, ~ (^4)"^'^^ may be interpreted as an IR energy cutoff on the gauge 
theory side. 



3. Gauge theory picture 

The gauge field theory counterpart of the supergravity solution discussed above is 
the Af = 4 SU{N) SYM theory in a certain (non- vacuum) state which may be de- 
scribed as a stochastic averaging of a constant homogeneous self-dual background (see, 
.g., [|7|,||,|2|,|O|).0 Namely, we shaU demand that in such state0 



e 



<Fmn>=0, < tr{FmnFmn-FmnF:;,J >= , < tr(F^„F^„) >= -^K , (3.1) 



167r2 



where a finite volume V4 will be used as an IR cutoff. We shall assume that this N = 2 
supersymmetric state may obtained by some averaging over different 4d directions so that 
K is the only order parameter, i.e. that the Euclidean group - S'O (4) -(-translations - is 
unbroken (while P- and T- invariances are obviously broken). Indeed, the supergravity so- 
lution has the same 4d Euclidean group symmetry and depends only on one extra constant 
q which is related to K. 

For the purpose of comparing with supergravity such state may be represented simply 
by (a stochastic averaging of) a constant self-dual abelian background such that 



— < tr {FmnFmn) >- 



^ 'F mri'F mn ^ ^ 'F mn'F ^ j\r ^ ^^{FmnFmn^ ^ j\r ' (^•^) 



We shall consider the large N limit defined by 

iV, g-l^ ^00, A ^ Ngl^ = fixed , (3.3) 



Related homogeneous distributions of instantons were considered also in [41|. 
Here tr is in the fundamental representation, tr(TaTb) = i^Sab- The classical action is 
S = 2k-. I tr(F^„F^„) -^jcfx tx{Fm^F:^n) 



YM 
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g =———= fixed , q = -k"^ < J^^nn^mn >= const . (3.4) 

1/4 iV 

Again, g will be the only order parameter 'visible' on the supergravity side, i.e. the gauge 



theory state is defined by averaging over all fields satisfying J^rnn = (|3.2 



Introducing a background field does not change UV finiteness property of the A/" = 4 
SYM theory, but may, of course, modify IR behaviour. Indeed, the propagators of massless 
fermions and 'off-diagonal' gluons in the self-dual background exhibit confinement-type 
(no-pole) behaviour [^. The confinement on the SYM side is caused by the background 
field [p9| , |30[| . The dual string/gravity description will lead to an area law for the Wilson 
factor with effective string tension proportional simply to ^ (section 5). The supergravity 
description also predicts (|2.14| ) that the gauge coupling constants {g^^^ , 0) should have 
power-like running in the IR. 



4. D3 brane probe in D3-|-D(-l) background and SYM effective action 

To support the gauge theory interpretation of the above supergravity background 
let us consider the action of a D3-brane probe moving in the D3-(-D(-l) background and 
demonstrate its relation to the quantum effective action of A/" = 4 SYM theory. The latter 
will be computed in a constant gauge field background containing self-dual component on 
the stack of N D3-branes representing a source and a constant abelian field on a separated 
D3-brane probe (see, e.g., p^ , p4| , ^ , |43| ,^^ ) . We shall choose the static gauge on the 
Euclidean D3-brane world volume action. Then the action for a D3-brane probe moving 
in the background (|;|),(|3),(|3) and C1234 ~ takes the formlll 



2^ 



u 



det 5mn + 



A 



Ai/2 



u 



- ^x" + 



4(^4 + Aq)^"^"^'^'^ 



(4.1) 



where we have used ( p.2| ),( p!8| ) in the RR scalar coupling term —iCF^ 
Expanding in powers of derivatives we get0 



mn-l^rnn 



-CF 

^ J. f) 



N 
2^ 



d X 



4(^4 + \q) 



F 

mn-'- mn 



F F* 1 + 

^ mn-L mn) ~ ■ 



TP* 
mnJ^ mn- 



(4.2) 



Similar averaged gauge field configurations were discussed in the context of comparing with 
supergravity solutions in, e.g., ||4^,^. The idea is to 'engineer' a gauge field background that 
has certain global characteristics (energy, momentum, instanton number, etc.) which are the only 
parameters present in the supergravity solution. 

We use that the D3- brane tension is T3 = 7^ — tw and absorb the factor 27r into Fmn- 

^4 The leading interaction term here vanishes in the case of the self-dual Fmn which corresponds 
to adding D-instanton charge to the D3-brane probe. This is the expected cancellation of the static 
potential between the same-type marginal bound states of branes like D2>-\-D{—l) and D2>-\-D{—l) 
or D4 + DO and D4 + DO |4|,|4|. 
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This action can indeed be interpreted as a result of integrating out open string modes con- 
necting the probe and the source separated by distance u in flat space with Fmn background 
on the probe and a self-dual background parametrized by q on the source. Let us assume 
that N coinciding D3-branes carry a constant U{1) self-dual background J-'mn = so 
that the total U{N + 1) background is block-diagonal, Fmn = diag(jF^n-?^AfxAf , -^mn-^ixi)- 
The leading F'^ one-loop correction in the TV = 4 SYM effective action has the following 
structure { ^Tj 



4sTr 



(4.3) 



where F is the total background fleld, u is the effective mass scale set by the separation 
between branes and STr is the symmetrized trace in the adjoint representation. For a 
commuting block-diagonal background F = diag(jF, F) we may simply to replace Fmn 
by Fmn — ^mn Under the adjoint trace adding the overall factor (number of non-zero 
eigenvalues) 2N . Then the JF^ term in (|4.3| ) vanishes because of the self-duality of JF and 
the 0{J-''^F^) cross-term becomes proportional tJiH 

AT 

T -F mn-^ mn {^FmnFmn -^mnFrnn) " (^■^) 

Assuming that Tmn^mn = Q'/tt^ as in ( pi. 4] ) and expanding ( [4.2| ) in powers of q we flnd the 
(precise numerical) agreement between the supergravity ( f4.2| ) and the SYM (^]^) expres- 
sions (see for details of similar calculations).lil A non-trivial feature of this example 
is that while q and Fmn have very different interpretation on the supergravity side (one is 
a parameter of the background and another is a 'coordinate' of the probe) they have the 
same background gauge field interpretation on the gauge theory side. 



5. String representation for the Wilson loop 

Let us now consider a type IIB string propagating in the D3-|-D(-l) supergravity 



background and compute, following |2^], the potential between far separated 'quark' and 



'anti-quark' (W-bosons) by evaluating the string partition function representation for the 



Note that the 0{TF^) term ^TmnFmn{F.mnFmn — FmnF^^) absent in the supergravity 
expression vanishes after averaging over the directions of the self-dual field implying < J-mn > = 
0. As was already mentioned above, this averaging is necessary in order for the brane source gauge 
theory state to represent the 50(4) invariant supergravity background. The 0{F'^) term in ( [4. 3D 
is also reproduced by the term in the expansion of ( |4.1| ). 

Prom the 'D-branes in flat space' perspective the reason why the supergravity (long-distance) 
and SYM (short-distance) interaction potentials agree [ p5[ is in the non-renormalization theorem 
for F'^ terms 
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Wilson factor in the semiclassical approximation. This amounts to computing the value 
of the bosonic Nambu string action on the classical string configuration. Assuming that 
the string penetrates the IR [u = 0) region the flatness of the string metric in this region 
( ^.10| ) implies that the Nambu action will be proportional to the area. This implies the 
confinement behaviour similar to what is found in the non-extremal (finite temperature) 
case 



and in the case of the dilaton-charge deformed 3-brane solution ||1 1|| . 
We shall take the fundamental string action in the form J d^ay^det Gab and fix 
the static gauge = r, = a, where the world-sheet coordinates r and a run from to 



T and —L/2 to L/2. As in [|2^, we shall consider a static string solution which has only 
the radial coordinate u changing with a. The stationary point is found with the boundary 
condition that u runs to infinity at —L/2 and L/2 and takes the minimal value in between. 
Since the dilaton and RR field couplings can be ignored in the semiclassical approximation, 
the string action is determined simply by the metric (|2.9[) 



1=^ [ day/H.iiu) (u'^ + X-^u^) , H.i^l + ^, (5.1) 

ZTT J 

or, equivalent ly, 

j da n{z)^z''^ + 1 , (5.2) 



r 

2^ 



A 

n{z) = \\q + —, z = —. (5.3) 



u 

r2(„.\ — TT \-l„A — \-l„,4 



Since f (u) = H-iX~ u = X~ u + q has a minimum at w = it follows from the 
general analysis of [|5^ that the action ( ^.1| ) leads to confinement with the string tension 
proportional to /(O) = ^/q. The same conclusion follows from the light-ray analogy used 
in fill] to argue that for a large separation L the potential is dominated by the minimum 
of the 'refraction index' n(^), i.e. by the limit z ^ (A/q')^/'^.0 

Indeed, the large L limit is dominated by the IR region u ^ where the string-frame 
metric ( |2.9|) becomes flat (|2.10|) , so that the string action (|5.2|) takes the fiat-space form 



da V2'2 + 1 , (5.4) 



2n 

and thus automatically leads to the area-law behaviour of the Wilson factor, 

W{C) - e-^-^^ , Teff = ^ . (5.5) 

An interesting feature is that the effective string tension Tefj does not depend on the 
't Hooft coupling A, but depends only on the background order parameter q (instanton 



Note that in contrast to the case discussed in [ pl] | here the effective tension does not depend 
on a'. 



10 



density). This is consistent with the gauge theory picture (section 3) since confinement in 
a self-dual gauge field background should be caused simply by the gauge field condensate. 

In the above discussion we have ignored the fact that near the true minimum of n{z), 
i.e. z = oo, u = 0, the string coupling becomes strong and thus string loop corrections 
(higher topologies) may not be, in principle, ignored.El For large L the string probes the 
far IR region where the string coupling is no longer small. A way to avoid this problem 
may be to impose the IR cutoff ( |2.15| ) u > u*, i.e. to restrict z to values z < z^ <^ {^/qY^^- 
Then the minimal value oin{z) will be at z = z^ and the potential will contain additional 
dependence on L/z^. One may qualitatively approximate the resulting effective string 

tension as Tefj = 2^ y ? + which reduces to ( |5.5D in the limit ^ Q. 



6. D-string action, S-duality and 't Hooft loop 

Additional insight into the structure of the duality is obtained by probing D3-|-D(- 
1) background with a D-string. Following |]51|J5^ ] the exponential of the D-string action 
determines (in the semiclassical approximation) the corresponding 't Hooft loop factor and 
thus the potential between magnetic monopoles on the gauge theory side. 

In general, a D-string action in a background with a non-trivial metric, dilaton and 
RR scalar has the formlil 



(6.1) 



Solving for the 2d gauge field Fab, i-e. 'integrating it out' in the semiclassical approximation 



as, e.g., in 53,p4l) gives 



I[=Ti j (fa Ve-2<^ + CVdetG„f, . 



(6.2) 



The difference as compared to the fundamental string Lagrangian is thus in the 'tension 
factor' which in the case of the D-instanton background ( |2.2|) ,( |2^ ) becomes (C = iC) 



— Ve-2'^-C2 = —^2e-'t> -1 = — 
9s 9s 9s 



1 - 



(8.3) 



This problem did not appear in the dilatonic charge solution [10,11] where the supergravity 
approximation was still valid near the minimum [0. 

T_ _ 1 

Qs 2-na'gs 



Here Ti = ^ = and we absorb the 2'Ka factor into the Euclidean world sheet gauge 



field Fab. 
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The D-string counterpart of the fundamental string action ( 5.1 



) is thus is 



^ ^ da\ (1 - 4) + . (6.4) 



2ngs J \ u 

Remarkably, this action is exactly the same (up to the tension ratio factor I/qs) as the 
fundamental string action ( ^.l] ) but with q —>■ —q ! Since the F-strings and D-strings are 
interchanged by S-duality [^^ , |5^ , this suggests that q ^ —q is simply a consequence 
of S-duality transformation applied to our background - D-string 'sees' S-dual geometry 
(il),(il),(p|) withg^-g. 

Indeed, under the basic S-duality transformation r— 1/r, t = C + ie'^ , which is a 
symmetry of the scalar 5'L(2, R)/SO{2) sigma model action {dcj))'^ + e^^{dC)'^ one has 

e^' = [e-^^ + C^) e^ C = -(e'^^ + C^y^C , g'^^^ = 9^.e • (6.5) 

This target space transformation combined with world-volume duality is a symmetry of 
the D3-brane action and relates D-string and F-string actions. In the case of the 
D-instanton or D3-|-D(-l) backgrounds (|2.2|) , (|2.8|) one finds from ( |6.5|) i^ 



e-^' = 2 - e"^ = 1 - ^ , C = e-'^' - 1 , (6.6) 

with the (unchanged) Einstein-frame metric again given by AdS^ X . Thus indeed the 
basic S-duality transformation corresponds to changing the sign of q (and inverting the 
string coupling) . The selfduality of D3-brane action suggests that switching of the sign of 
q should be induced by the duality transformation on the SYM side. 

The S-dual string-frame metric is proportional to (p.9|) with q — g. 



(ci.?o)' = ^/7'«'AV2(i - "^^fl-^ix-^u^dx^dx^ ^ +c^02') , (6.7) 



We stress that this S-duality is the standard transformation of the Minkowski type TIB 
supergravity with C formally replaced by iC in the case of the D-instanton background. This 



transformation is different from the one considered in the first reference in [18|, where S-duality 
was interpreted as a symmetry of the 'rotated' action (dcf))^ — e^'^{dC)^. The basic SL{2,R) 



transformation there was S± — > —1/S±, S± = C ± e^*, while ( |6.5D corresponds in this notation 
to S± — > 1/ S±. Both transformations are formally the symmetries of the scalar SL{2, R)/SO{l, 1) 
action (see also []5^ ), but it is ( |6.5| ) that is the standard SL{2, Z) symmetry that has a 

D-brane interpretation. More general SL{2, Z) transformations ( |6.5D do not admit a continuation 
to the case of imaginary C which preserves reality of the dilaton. Note that under the 'Euclidean' 
transformation S± — > —1/S± one finds that e'^ = e'^ — 2 = ^ — 1, i.e. that the dilaton is defined 
in the 'dual' region u < but it again blows up at w = 0. 
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with u = = (qX)^^^ being a curvature singularity. The dual effective string coupling 
in ( |6.6|) remains small for all values of tt > and vanishes at w = w*. Thus under S- 
duality the singularity of the original background in the dilaton (pT2|) , (p78|) (at u = 0) gets 
'transformed' into the singularity in the metric (at u = u^). 

The potential between monopole m and anti-monopole rfi can be found by minimizing 
the D-string action ( |6.4| ). As in the case considered in [^|52| , there exists a critical distance 

Lent ~ (^)'/' , (6.8) 

such that for L < Lcrit, there is minimal D-string world sheet connecting m and rh. For 
L <^ Lcrit we are effectively in the AdS^ x region and the potential is proportional 
to 1/L as in the case of the conformal A/" = 4 SYM theory. For L > Lcrit there is no 
string solution u{a) which minimizes ( |6.4D , i.e. the potential becomes constant - the 
magnetic monopoles are screened. Since the D-string action (|6.4|) may be interpreted 
as an action of the fundamental string propagating in the S-dual background (|6.7|), the 
screening behavior of the mrh potential may be understood also from the fact that around 
the 'horizon' (singularity) w = in ( |6.7| ) the string world sheet is contractable and can 
split into two separate parts. 

The resulting picture is consistent with the discussion in section 5: in the region 
L > (■^)^^^ the electric charges (W-bosons) are confined, while the magnetic monopoles 
are screened. 



7. Concluding remarks 

Our motivation in discussing the above D3-brane -|- D-instanton background is that 
it provides a simple generalization of the gravity - gauge theory correspondence in the 
pure D3-brane case. We have seen that the supergravity or string theory description 
predicts a (coupling-independent) confinement behaviour, essentially because the constant 
D-instanton density makes the string-frame metric flat in the IR region. This confinement 
does not apply to all states, and there are still some gapless excitations in this background 
(in particular, one linear combination of the dilaton and RR scalar fluctuations satisfies 
the massless Laplace equation in AdS^ x S^, see Appendix). 

This example is different from the case of localized D-instantons in AdS^ x which 



correspond to localized YM instantons in the boundary gauge theory [|T^,^ and are vir- 
tual Euclidean configurations contributing to path integral and producing non-perturbative 
contributions to observables on both sides of the duality correspondence. Adding a lo- 
calized instanton is a perturbation of the pure D3-brane case, while we interpreted the 
homogeneous self-dual gauge field background as a special Af = 2 supersymmetric state of 
the A/" = 4 SYM theory. 
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Though this Euchdean self-dual background is somewhat artificial from physical point 
of view, it would be interesting to understand the reason for a power-like IR flow of the 
gauge coupling (|2.14|) from the gauge theory point of view. 

The conformal invariance of the = 4 SYM theory is broken by the background 
field density parameter g in a 'soft' way. Since the Einstein frame metric remains that 
of the AdS^ x space, some of the supergravity modes which do not directly couple to 
the dilaton (like the 5'^-radius mode) do not feel the presence of q, i.e. still satisfy the 
same massive AdS^ Laplace equations as in the pure D3-brane case. The correlators of 
the corresponding gauge field operators {F"^ + ... in the radius case) are thus expected 
to be the same as in the vacuum J\f — 4 SYM case. At the same time, the dilaton and RR 
scalar modes which satisfied the massless Laplace equation in the pure D3-brane case no 
longer do so in the D3-fD(-l) background (the correlators of and FF* operators are 
certainly different from the vacuum case). Since the scalar field background values are non- 
constant, their fiuctuations mix with each other and also with graviton perturbations. The 
corresponding quadratic fluctuation action is derived in Appendix below. Such mixing is a 
general feature of solutions with non-constant dilaton backgrounds, like D4-brane [^ , p8 | 
or the solution of [Tn,|Tl],|T^ . 
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Appendix A. Perturbations of the supergravity background 

Below we shall study small fluctuations of the metric, dilaton and RR scalar fields near 
the background (|2.2| ) , (|2.8| ) , (|2.9| ) . The equations for the dilaton and RR scalar perturbations 
are in general of interest in connection with spectrum of possible bound states on gauge 
theory side []7| j5^ , p7| . The scalar perturbations are not, in general, expected to decouple 
from the metric perturbations in the case of non-constant scalar background as we illustrate 
below on the present D3+D(-l) example. 

We start with the D = 5 Einstein-frame Lagrangian for the metric-dilaton-axion 
system (C = iC; fx^u = 1, 10) 



and expand the fields near their background values 



(A.l) 



+ rj 



9fiu = g^lv + h 



(A.2) 



The background fields (p and C satisfy 







(A.3) 



where Df^ is the covariant derivative depending on the background metric (7^^. The 
Einstein-frame metric in ( |2.9D is that of the AdS^ x 5"^ space. 

Expanding to the second order in fiuctuation fields we get for the rj and ^ dependent 
part of L (we omit the pure graviton h'^ part) 



L2 = \fg 



where 



/i^'^a^(/)[a,(77+o-a.(/>(77+e)]-(a^r7)^+2(a^(/>)2772+(a^O'+4a^</'5M^^ 



1 



2 



h = g^uh^" . 

Following [E^ we choose the diffeomorphism gauge fixing term to be 



Lg.f. = -\^gg^''[Dihfl - a^</> (77 + 0] [DJiZ - d.<p (77 + i)\ 



Vg 



(A.4) 



(A.5) 



The rj, ^ dependent part of the gauge-fixed Lagragian is then (we again omit Oi^h?) terms) 



= L2 + Lg,f, = 
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(A.6) 



Note that because of the classical equation for (j) ( |A.3| ) the trace of h^jj does not actually 
couple to T] and ^. 

Using the explicit form of the background Einstein- frame metric and the dilaton (see 

m)m)m)) 



1 



ds'^^ = —{dxmdxm + dz^ + z^dVL^^ 



1 + 



qz 



we get for the coupling function in the graviton - (?7 + mixing term 



(A.7) 



(Ai 



This function is non-vanishing, so there is a non-trivial mixing between r] + ^ and the 
traceless part of h^^. 
Introducing 



we may rewrite ( |A.6|) as 



L'2 = -V9 



(A.9) 



Then the equations of motion for ?7_ and ?7_(_ are 

- 2d^(j)d^r]+ - 2D^(j)r]+ = , 
D^7]_ + 2d^<f>d^r]_ + {d^<j)Yr]+ + {d^cj^d^^ + D^D,<f>)h^'' = . 

Using ( |A.3D the equation for rj^ can be written also as 

I)2(e-V)=0, 

i.e. the field e~'^rj^ satisfies the massless scalar equation in the AdS^ x space. 
Since the fields (j) and C couple to the boundary gauge theory operators as 

Linti^Pi^) ~ c ^tr(i^^^i^^„) Ctv(^FjYLjiF^j^) , 



(A.IO) 



(A.ll) 



(A.12) 



their perturbations couple as 

L,nt{(p + V,C + e-'^O = L,^t{<P, C) -e-^[r) tT{F^r.F^r.) + i tr(F^^F;;,)] + ... 
= UM,C) - e-V tr(F4+)FW) - e'V iiiF^^^F^-^) + ... , (A.13) 

16 



where 

_p(±) ^-(F ±F* ) 

In interpreting this expression we should take into account that rjj^ and rj- are conjugate 
to each other hke hght-cone variables (cf. the kinetic term in ( |A.9| )). Thus the term that 
couples to is actually the source for ?7_ and vice versa. In view of ( |A.11|) we then 
conclude that the operator tr(FmJ -^mn) is still counterpart of a massless mode in the 
AdS^ space. This is perfectly consistent with the fact that the background gauge field 
corresponding to the supergravity solution satisfies < tr{Fmn Fmn) >= 0, i.e. does 



not have a condensate. 

The second field 77- is non-trivially coupled to the graviton and thus has more compli- 
cated dynamics, reflecting the fact that the operator tr{Fmn Fmn) should 'feel' the presence 
of the gauge field background. 
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